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Abstract. We introduce a new critical value c∞(L) for Tonelli Lagrangians L
on the tangent bundle of the 2-sphere without minimizing measures supported
on a point. We show that c∞(L) is strictly larger than the Man˜e´ critical value
c(L), and on every energy level e ∈ (c(L), c∞(L)) there exist infinitely many
periodic orbits of the Lagrangian system of L, one of which is a local minimizer
of the free-period action functional. This has applications to Finsler metrics
of Randers type on the 2-sphere. We show that, under a suitable criticality
assumption on a given Randers metric, after rescaling its magnetic part with
a sufficiently large multiplicative constant, the new metric admits infinitely
many closed geodesics, one of which is a waist. Examples of critical Randers
metrics include the celebrated Katok metric.
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1. Introduction and main results
In this paper, we continue the study started in [AMP15, AMMP17, AAB+17]
of the periodic orbits problem for Tonelli Lagrangian systems on the 2-sphere.
Such systems are defined by a Tonelli Lagrangian L : TS2 → R, which is a smooth
function whose restriction to any fiber of the tangent bundle TS2 is superlinear with
positive definite Hessian. Examples of Tonelli Lagrangians that arise naturally in
classical mechanics are
Lg,θ,V : TS
2 → R, Lg,θ,V (q, v) = 12gq(v, v) + θq(v)− V (q), (1.1)
where g is a Riemannian metric, θ a 1-form, and V a function on S2. When the
function V vanishes, we say that the Lagrangian Lg,θ = Lg,θ,0 is magnetic since it
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2 G. BENEDETTI AND M. MAZZUCCHELLI
models the motion of a charged particle under the effect of a stationary magnetic
field. As we will observe later in this introduction, magnetic Lagrangians are of
importance also in Finsler geometry, since they yield a one parameter family of
Randers metrics. We refer the reader to [Fat08, CI99, Abb13, Sor15] for more
details on the Tonelli setting in Aubry-Mather theory, weak KAM theory, and
symplectic dynamics.
The tangent bundle TS2 is partitioned into (possibly singular) energy hypersur-
faces E−1(e), where E is the energy function
E : TS2 → R, E(q, v) = ∂vL(q, v)v − L(q, v).
On each energy hypersurface, L defines an Euler-Lagrange flow
φtL : E
−1(e)→ E−1(e), φtL(γ(0), γ˙(0)) = (γ(t), γ˙(t)),
where the curve γ : R→M is a smooth solution of the Euler-Lagrange equation
d
dt∂vL(γ(t), γ˙(t))− ∂qL(γ(t), γ˙(t)) = 0. (1.2)
On a 2-sphere two energy values are known to mark important changes in the
qualitative properties of the dynamics. The first one is
e0(L) := max
q∈S2
E(q, 0),
which is also the maximal e ∈ R such that the energy level E−1(e) contains a
constant solution of the Lagrangian system (1.2).
The Lagrangian dynamics is variational, meaning that the orbits of the Euler-
Lagrange flow can be characterized as critical points of a suitable action functional.
Given a periodic curve γ : R/pZ→ S2, its action at energy e is the quantity
Se(γ) =
∫ p
0
L(γ(t), γ˙(t)) dt+ pe.
The functional Se, which is defined on the space of periodic curves on M with any
possible period, is called the free-period action with energy e. Formally, Se is a
lower semicontinuous functional of the form
Se : ΛS2 × (0,∞)→ R ∪ {+∞},
where ΛS2 = W 1,2(R/Z, S2) is a Sobolev manifold of 1-periodic curves, and we
identify a pair (Γ, p) ∈ ΛS2 × (0,∞) with the p-periodic curve γ(t) = Γ(t/p). The
periodic orbits γ of the Lagrangian system (1.2) with energy E(γ(t), γ˙(t)) ≡ e are
precisely the critical points of Se. The second relevant energy level for the dynamics
is the Man˜e´ critical value
c(L) := min
{
e ∈ R ∣∣ Se ≥ 0}.
We refer the reader to, e.g., [Mat91, Man˜97, CI99, Abb13] for a comprehensive
introduction to the Man˜e´ critical value.
A recent result due to Asselle and the second author [AM16, Theorem 1.1],
first proved by Taimanov [Tai91, Tai92] and Contreras, Macarini, and Paternain
[CMP04] in the special case of magnetic Lagrangians, asserts that for every energy
value e ∈ (e0(L), c(L)) there exists a periodic orbit that is a local minimizer of Se.
Thus, it is natural to ask whether local minimizers exist also for energies e ≥ c(L).
If e0(L) = c(L) there exists a global minimizer that is a constant curve at level
c(L). Indeed, if γq : R/pZ→M is the curve γq(t) ≡ q, its action is given by
Se(γq) = p (L(q, 0) + e) = p (e− E(q, 0)) (1.3)
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and, if E(q, 0) = e0(L), we conclude that Se0(L)(γq) = 0. Hence, if e0(L) = c(L),
the functional Se0(L) is non-negative, and γq is a global minimizer. The next simple
example shows that, when e0(L) = c(L), all the minimizers of Sc(L) may actually
be constant, and Se may not admit any minimizer for e > c(L).
Example 1.1. Consider the round Riemannian metric g on S2, and the Lagrangian
L : TS2 → R given by L(q, v) = 12gq(v, v). The associated energy function is
E(q, v) = L(q, v), and we have e0(L) = c(L) = 0. On E
−1(0) all orbits are constant,
whereas on any E−1(e) with e > 0 the Euler-Lagrange flow is the geodesic flow of
the round metric. In particular, each orbit of this flow is periodic and is not a local
minimizer of Se. 
As a consequence of a result of Haefliger on minimal measures with rational
rotation number [CMP04, Prop. 2.1], magnetic Lagrangians with e0(L) < c(L)
possess a periodic orbit at energy c(L) that is a global minimizer of Sc(L). We
generalize hereby this result to general Tonelli Lagrangians. As usual, we say that
a periodic curve γ : R/pZ→M is simple when it has no self-intersections, meaning
that γ(t) 6= γ(s) for all distinct t, s ∈ R/pZ.
Theorem 1.2. Let L : TS2 → R be a Tonelli Lagrangian such that e0(L) < c(L).
The Lagrangian system of L admits a simple periodic orbit γ with energy c(L)
that is a global minimizer of the free-period action functional Sc(L) and satisfies
Sc(L)(γ) = 0.
The global minimizer γ of Sc(L) is not necessarily unique. Nevertheless, the
assumption e0(L) < c(L) implies that no orbit with energy c(L) is constant, and
therefore that the global minimizers of Sc(L) form a compact set. As we will show,
this forces the existence of local minimizers of Se for all energies e slightly above
the Man˜e´ critical value.
Theorem 1.3. Let L : TS2 → R be a Tonelli Lagrangian such that e0(L) < c(L).
There exists  > 0 such that, for all energy levels e ∈ (c(L), c(L)+), the Lagrangian
system of L admits a simple periodic orbit with energy e that is a local minimizer
of the free-period action functional Se.
We wish to stress that the minimizers of Se, for e > c(L), are never global ones.
Indeed, Equation (1.3) implies that
inf Se = 0, ∀e ≥ c(L). (1.4)
If γ = (Γ, p) were a global minimizer of Se with e > c(L), then Se(γ) = 0 and
Sc(L)(γ) = Se(γ) + (c(L)− e)p = (c(L)− e)p < 0,
contradicting the definition of the Man˜e´ critical value. Theorem 1.3 motivates the
definition of a new critical energy value.
Definition 1.4. We define the critical value c∞(L) to be the supremum of the energy
levels e′ > e0(L) such that, for all e ∈ (e0(L), e′], the free-period action functional
Se admits a local minimizer.
Remark 1.5. In general, c∞(L) is finite, as can be seen in the example of the
magnetic Lagrangians associated to the Katok metrics, see Section 6. 
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If e0(L) < c(L), combining the above mentioned [AM16, Theorem 1.1] with
Theorems 1.2 and 1.3 we get the strict inequality
c∞(L) > c(L). (1.5)
The waist theorem for Tonelli Lagrangians on surfaces, which was stated without
proof in [AMMP17, Corollary 2.7], asserts that the presence of a local minimizer
γ of the free-period action functional Se implies the existence of infinitely many
other periodic orbits with energy e provided {γ} is not the whole set of global
minimizers of Se, Se(γ) 6= 0, and Se satisfies the Palais-Smale condition. Therefore,
as a consequence of this waist theorem and of inequality (1.5), we obtain a new
multiplicity result for Tonelli periodic orbits on S2 at energy levels above the Man˜e´
critical value.
Theorem 1.6. Let L : TS2 → R be a Tonelli Lagrangian such that e0(L) < c(L).
For all energy levels e ∈ (c(L), c∞(L)), the Lagrangian system of L admits infinitely
many periodic orbits with energy e.
When L = Lg,θ is a magnetic Lagrangian, the condition e0(L) < c(L) is equiva-
lent to the fact that the 1-form θ is not exact. For more general Tonelli Lagrangians
L : TS2 → R, for example if L is given by (1.1) with V 6= 0, we provide a sufficient
condition for the inequality to hold. The statement is a special case of Proposi-
tion 5.1, which is valid for Tonelli Lagrangians on any configuration space.
Proposition 1.7. Let L : TS2 → R be a Tonelli Lagrangian. We set V (q) := L(q, 0),
θq := ∂vL(q, 0), gq := ∂
2
vvL(q, 0), and
λ : V −1(e0(L))→ R, λ(q) := 2|d2V (q)|1/2 − |dθq|,
where d2V denotes the Hessian of V , and the norms are taken with respect to the
Riemannian metric g. If the function λ is somewhere negative, then e0(L) < c(L).
It is well known that for every e > c(L), the Euler-Lagrange flow of L on the
energy hypersurface E−1(e) is orbitally equivalent to the geodesic flow of a Finsler
metric on the unit tangent bundle of S2, see [CIPP98, Cor. 2]. For magnetic
Lagrangians L = Lg,θ, this equivalence is particularly explicit, as we now recall
following [Pat99]. Let ∼ be the equivalence relation among 1-forms on S2 such
that θ′ ∼ θ if and only if θ − θ′ is exact. We will write [θ] for the equivalence class
of θ. The Euler-Lagrange flow and the free-period action functional Se depend only
on the equivalence class [θ]. In particular, the same is true for the critical values
c(L) and c∞(L). We denote by | · | the norm of tangent and cotangent vectors
associated to the Riemannian metric g on S2. If θ′ is a 1-form, we will write its
L∞-norm by
‖θ′‖∞ := max
{|θ′q| ∣∣ q ∈ S2}.
The energy function associated to L is given by E(q, v) = 12 |v|2, and thus e0(L) = 0.
The Tonelli Hamiltonian H : T∗S2 → R dual to L is given by
H(q, p) = 12 |p− θq|2.
By [CIPP98, Theorem A], the Man˜e´ critical value can be computed as a minimax
of the Hamiltonian over exact Lagrangian graphs. For the magnetic Lagrangian L,
this recipe gives
c(L) = inf
u∈C∞(S2)
max
q∈S2
H(q,du(q)) = inf
θ′∼θ
1
2‖θ′‖2∞.
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Proposition 1.7 implies that c(L) > e0(L) provided θ is not exact. For all r > ‖θ‖∞,
we denote by Fr the Finsler metric of Randers type
Fr(q, v) = r|v|+ θq(v).
The diffeomorphism
ψr : E
−1(r2/2)→ F−1r (1), ψr(q, v) = (q, (r2 + θq(v))−1v)
realizes an orbit equivalence between the Euler-Lagrange flow of L and the geodesic
flow of Fr on the respective energy hypersurfaces [Pat99, Lemma 2.1]. We define
r(g, [θ]) :=
√
2 c(L) = inf
θ′∼θ
‖θ′‖∞, (1.6)
r∞(g, [θ]) :=
√
2 c∞(L).
A periodic curve Γ : R/Z→ S2 is called a waist of the Finsler metric Fr when it is
a local minimizer of the length function
Lr : C∞(R/Z, S2)→ R, Lr(Γ) =
∫ 1
0
Fr(Γ(t), Γ˙(t)) dt.
The reparametrization of a waist with constant Fr-speed is a closed geodesic for
the Finsler metric Fr. Notice that, if γ = (Γ, p) is a smooth periodic curve with
constant energy E(γ(t), γ˙(t)) ≡ 12r2, then Sr2/2(γ) = Lr(Γ). This, together with
the fact that Lr(Γ) is independent of the parametrization of Γ, implies that Γ is
a waist of Fr whenever γ = (Γ, p) is a local minimizer of the free-period action
functional Sr2/2. Therefore, for magnetic Lagrangians L = Lg,θ, Theorems 1.3
and 1.6 can be rephrased as follows.
Theorem 1.8. Let g be a Riemannian metric and θ a non-exact 1-form on S2 such
that ‖θ‖∞ < r∞(g, [θ]). For all r ∈ (‖θ‖∞, r∞(g, [θ])) the Finsler metric
Fr(q, v) = rgq(v, v)
1/2 + θq(v)
has a waist and infinitely many closed geodesics. 
Given an equivalence class for the relation ∼, we can always find a representative
θ such that ‖θ‖∞ < r∞(g, [θ]). Therefore, given the geodesic flow of a Randers
metric on S2, we can always find a pair (g, θ) that defines a Randers metric with
the same geodesic flow and at the same time satisfies the assumption of Theorem 1.8.
Sometimes, there even exist pairs (g, θ) that are in some sense optimal.
Definition 1.9. We say that (g, θ), where g is a Riemannian metric on S2 and θ a
1-form on S2, is a critical pair if r(g, [θ]) = ‖θ‖∞. When r(g, [θ]) = ‖θ‖∞ < 1, we
will also say that the associated metric F (q, v) = gq(v, v)
1/2 + θq(v) is critical. 
Since r(g, [θ]) < r∞(g, [θ]), Theorem 1.8 is always applicable to critical pairs. In
Section 6, we will provide a sufficient condition for a pair (g, θ) to be critical. This
condition holds, for instance, if (g, θ) is rotationally symmetric (see Remark 6.3).
In particular, the celebrated Katok metric on S2 is critical.
1.1. Organization of the paper. In Section 2 we provide two technical statements
that are needed in Sections 3 and 4. In Section 3 we prove Theorem 1.2. In
Section 4, we prove Theorems 1.3 and 1.6. In Section 5 we prove a more general
version of Proposition 1.7. Finally, in Section 6, we show that the Katok metric on
S2 is critical, and we estimate its quantity r∞.
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2. Some remarks on Tonelli Lagrangians
Let M be a closed manifold, and L : TM → R a Tonelli Lagrangian with energy
function E : TM → R. Let φtL : TM → TM denote the Euler-Lagrange flow of L
on the whole tangent bundle, and pi : TM →M the base projection.
2.1. On simple periodic orbits. By [Fat08, Theorem 2.7.4], for each energy value
e > e0(L) there exists τ = τ(e) > 0 small enough such that, for all q ∈ M
and t ∈ (0, τ), the map pi ◦ φtL|TqM∩E−1(−∞,e) is a diffeomorphism onto an open
neighborhood of q. Moreover, by [Fat08, Theorem 3.6.1], for all (q, v) ∈ M with
E(q, v) < e and σ ∈ (0, τ), the curve
γ : [0, σ]→M, γ(t) = pi ◦ φtL(q, v)
is a strict action minimizer: if ζ : [0, σ] → M is any other absolutely continuous
curve such that ζ(0) = γ(0) and ζ(σ) = γ(σ), then∫ σ
0
L(γ(t), γ˙(t)) dt <
∫ σ
0
L(ζ(t), ζ˙(t)) dt. (2.1)
The following remark will be needed in order to show that the the periodic orbits
provided by Theorem 1.3 are simple.
Lemma 2.1. Let M be a closed manifold, and L : TM → R a Tonelli Lagrangian.
For every simple periodic orbit γ = (Γ, p) ∈ W 1,2(R/Z,M) × (0,∞) of the La-
grangian system of L, there exists a neighborhood U ⊂ W 1,2(R/Z,M) × (0,∞)
such that any periodic orbit of the Lagrangian system of L in U is simple as well.
Proof. Let γn = (Γn, pn) be a sequence of periodic orbits that converges to the sim-
ple one γ = (Γ, p) in W 1,2(R/Z,M)× (0,∞) as n→∞. Let en := E(γn(0), γ˙n(0)).
We claim that there exists e ∈ R such that en < e for all n ∈ N. Otherwise,
up to passing to a subsequence, we would have en → ∞. This would imply that
|γ˙n(t)| → ∞ for all t ∈ R, where | · | denotes an arbitrary Riemannian norm.
Therefore, since the periods pn are bounded away from zero, we would obtain that
length(γn) =
∫ pn
0
|γ˙n(t)|dt→∞,
which is impossible, for length(γn)→ length(γ).
Let τ = τ(e) > 0 be the constant introduced above, so that for all q ∈M and t ∈
(0, τ) the map pi◦φtL|TqM∩E−1(−∞,e) is a diffeomorphism onto an open neighborhood
of q. Since, for all t ∈ (0, τ), we have that γn(t) = pi ◦ φtL(γn(0), γ˙n(0)) → γ(t) as
n→∞, we infer that γ˙n(0)→ γ˙(0). Therefore, Γn converges to Γ in C∞(R/Z,M).
Since being a simple curve is a C1-open condition, we conclude that, for n large
enough, γn is a simple curve. 
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2.2. Action minimizers and modifications of the Lagrangian. Let
Se : ΛM × (0,∞)→ R ∪ {∞},
Se(γ) =
∫ p
0
L(γ(t), γ˙(t)) dt+ pe, ∀γ = (Γ, p) ∈ ΛM × (0,∞).
be the free-period action functional associated to L at energy e. Any local minimizer
γ of Se is a periodic orbits with energy e. If we modify the Lagrangian away from
E−1(e), γ remains a periodic orbit of the new Lagrangian system, but a priori it
may not be a minimizer of the new free-period action functional. However, we have
the following statement.
Lemma 2.2. Let L′ : TM → R be a Tonelli Lagrangian that coincide with L on
the sublevel set E−1(−∞, e′], for some e′ > e, and let S ′e be the free-period action
functional of L′. A local minimizer of S ′e is a local minimizer of Se as well.
Remark 2.3. The lemma becomes trivial if one considers the free-period action
functionals defined on the space of C1 periodic curves. However, in order to apply
global methods from nonlinear analysis, it is more suitable to work with the Sobolev
loop space ΛM = W 1/2(R/Z,M). 
Proof of Lemma 2.2. Assume by contradiction that there exists a local minimizer
γ = (Γ, p) of S ′e that is not a local minimizer of Se. Therefore, there exists a
sequence ζn = (Zn, pn) ∈ ΛM × (0,∞) such that Se(ζn) < Se(γ) and ζn → γ in
ΛM × (0,∞). Consider the quantity τ = τ(e) > 0 introduced above, and k ∈ N
large enough so that p/k < τ . For all n large enough, we have that pn/k < τ and,
for each t ∈ R/pnZ, the map ψn,t : Tζn(t)M ∩ E−1(−∞, e)→M given by
ψn,t(v) = pi ◦ φpn/kL (ζn(t), v)
is a diffeomorphism onto a neighborhood of {ζn(t), ζn(t+ pn/k)}. We set
vn,i := ψ
−1
n,pni/k
(
ζn
( (i+1)pn
k
))
, i = 0, ..., k − 1,
and we define the periodic curve γn = (Γn, pn) ∈ ΛM × (0,∞) by
γn(
ipn
k + t) := pi ◦ φtL
(
ζn
(
ipn
k
)
, vn,i
)
.
Notice that γn is a continuous and piecewise broken periodic orbit of the Lagrangian
system of L satisfying Sk(γn) < Sk(ζn). Moreover, since γn( ipnk ) = ζn( ipnk )→ γ( ipk )
as n→∞, we have that Γn|[i/k,(i+1)/k] → Γ|[i/k,(i+1)/k] in the C∞ topology. In par-
ticular, for all n ∈ N large enough and t ∈ R/pnZ, we have that E(γn(t), γ˙n(t+)) <
e′, which implies
Se(γn) = S ′e(γn) < S ′e(γ) = Se(γ).
This contradicts the fact that γ is a minimizer of Se. 
2.3. The Tonelli free-period action functional. The free-period action functional Se
of a Tonelli Lagrangian L does not have good functional properties when L is not
quadratic at infinity: it is not continuous, and its sublevel sets do not enjoy any
sort of weak compactness. However, we can circumvent these issues by modifying
the Lagrangian L away from the region where we consider its dynamics. Since this
paper deals with periodic orbits with energy equal to or just above the Man˜e´ critical
value c(L), we can focus on the energy range [minE, c(L)+1]. We can thus replace
L by a Tonelli Lagrangian L′ : TM → R that coincides with L in the energy sublevel
8 G. BENEDETTI AND M. MAZZUCCHELLI
set E−1(−∞, c(L) + 1], and is quadratic at infinity. This latter condition means
that there exists a compact set Q ⊂ TM such that, for any q ∈ M , the function
L′(q, ·) coincides with a polynomial of degree 2 outside Q ∩ TqM . A construction
of the Lagrangian L′ can be found in, e.g., [CIPP00, Prop. 18]. By [CIPP00,
Lemma 19], we have c(L) = c(L′). Moreover, the free-period action functional S ′e
associated to L′ is well behaved: it is C1,1, and satisfies the Palais-Smale condition
on subsets of the form ΛM × [p−, p+], for any compact interval [p−, p+] ⊂ (0,∞),
see [Abb13, Lemmas 3.1 and 5.3]. By Lemma 2.2, for all e ∈ [minE, c(L) + 1], the
local minimizers of Se and S ′e coincide.
Thanks to this remark, throughout Sections 3 and 4, while working in the energy
range [minE, c(L) + 1], we will be able to assume without loss of generality that
the Tonelli Lagrangian L : TS2 → R considered there is quadratic at infinity,
so that the associated free-period action is a well behaved functional of the form
Se : ΛM × (0,∞)→ R, for e ∈ [minE, c(L) + 1].
3. A minimizer at the Man˜e´ critical value
Let L : TS2 → R be a Tonelli Lagrangian with associated free-period action
functionals Se, e ∈ R. We say that a periodic curve γ = (Γ, p) ∈ ΛS2 × (0,∞) is
non-iterated when p is its minimal period (that is, 1 is the minimal period of Γ).
Lemma 3.1. Any non-iterated global minimizer γ = (Γ, p) of the free-period action
functional Sc(L) is a simple periodic orbit with action Sc(L)(γ) = 0.
Proof. Let γ = (Γ, p) be a non-iterated global minimizer of Sc(L). Being a critical
point of Sc(L), γ is a periodic orbit with energy c(L). By (1.4), we have Sc(L)(γ) = 0.
Assume by contradiction that there exist t0, t1 ∈ [0, p] such that p0 := t1−t0 ∈ (0, p)
and γ(t0) = γ(t1). We define the loops γ0 : R/p0Z → S2, γ0(t) = γ(t0 + t) and
γ1 : R/(p−p0)Z→ S2, γ1(t) = γ(t1 +t). Since Sc(L)(γ) = Sc(L)(γ0)+Sc(L)(γ1) and
γ is a global minimizer of Sc(L), we must have Sc(L)(γ0) = Sc(L)(γ1) = 0. Notice
that γ0 is not smooth at t = 0, for otherwise γ would have been an iterated periodic
orbit. Therefore, for  > 0 small enough, there exists a smooth curve ζ : [0, δ]→ S2
such that ζ(0) = γ0(−), ζ(δ) = γ0(), and∫ δ
0
L(ζ(t), ζ˙(t)) dt+ δ c(L) >
∫ 
−
L(γ0(t), γ˙0(t)) dt+ 2 c(L),
see e.g. [AM16, Lemma 2.3(ii)]. We replace the portion γ0|[−,] of γ0 with the curve
ζ. This produces a piecewise smooth periodic curve γ2 : R/(p0−2+ δ)Z such that
Sc(L)(γ2) < Sc(L)(γ0) = 0, which contradicts (1.4). 
Before proceeding with the proof of Theorem 1.2 we provide some preliminaries
that will be useful also in Section 4. We fix an arbitrary Riemannian metric g
on S2 that we will employ for computing distances and lengths of curves. For
each e′ > e0(L), there is a constant `min(e′) > 0 such that, for all e ≥ e′, every
absolutely continuous periodic curve γ : R/pZ→ S2 that is entirely contained in a
Riemannian ball of diameter `min(e
′) satisfies Se(γ) > 0, see [AM16, Corollary 2.5].
We denote by θ the 1-form on S2 given by θq(v) = ∂vL(q, 0)v. If γ = (Γ, p) is a
simple curve, a simple application of Stokes’ Theorem [AM16, Lemma 2.10] yields
the estimate
p ≤ Se(γ) +
∫
S2
|dθ|
e− e0(L) . (3.1)
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Proof of Theorem 1.2. By [AM16, Theorem 1.1], for every e ∈ (e0(L), c(L)) there
exists a periodic orbit γe of the Lagrangian system of L with energy e such that
(i) γe = (Γe, pe) is a local minimizer of Se : ΛS2 × (0,∞)→ R,
(ii) Se(γe) < 0.
(iii) the loop γe : R/peZ ↪→ S2 is simple.
Fix now e′ ∈ (e0(L), c(L)). By (ii) and (3.1), for all e ∈ [e′, c(L)) we have the upper
bounds
pe ≤ pmax := (e′ − e0(L))−1
∫
S2
|dθ|,
length(γe) ≤ `max := pmax max
{
gq(v, v)
1/2
∣∣ (q, v) ∈ E−1(c(L))},
and the lower bounds
length(γe) ≥ `min > 0,
pe ≥ pmin := `min min
{
gq(v, v)
−1/2 ∣∣ (q, v) ∈ E−1(c(L))} > 0,
where `min = `min(e
′). Therefore, we can find a sequence of energy values en ∈
[e′, c(L)) such that en → c(L) and γen = (Γen , pen) → γ = (Γ, p) in ΛS2 × (0,∞).
The function (e, ζ) 7→ Se(ζ) is continuous, and hence Sen(γen) → Sc(L)(γ). This,
together with property (ii), implies that Sc(L)(γ) ≤ 0. By (1.4), γ is a global
minimizer of Sc(L) with Sc(L)(γ) = 0. Since γ is the limit of non-self-intersecting
periodic curves γen with period pen → p, γ must be non-iterated, that is, p must
be its minimal period. Lemma 3.1 implies that γ is non-self-intersecting. 
4. Periodic orbits just above the Man˜e´ critical value
Given a periodic curve γ = (Γ, p) ∈ ΛS2 × (0,∞) and a positive integer m, we
write γm = (Γm,mp) ∈ ΛS2 × (0,∞) for the m-th iterate of γ, where Γm(t) =
Γ(mt). We denote by
ψm : ΛS2 × (0,∞) ↪→ ΛS2 × (0,∞)
the iteration map ψm(γ) = γm. The free-period action functional Se is equivariant
with respect to the iteration action, in the sense that Se ◦ ψm = mSe.
Let us assume e0(L) < c(L) and consider the set of global minimizers
K := S−1c(L)(0) ⊂ ΛS2 × (0,∞).
By Theorem 1.2, K is non-empty and we denote by K1 ⊂ K the subset of non-
iterated periodic curves in K. Since a periodic curve has zero action if and only
if the same is true for any of its iterates, we have K := K1 ∪ K2 ∪ K3 ∪ ..., where
Km := ψm(K1). Lemma 3.1 further implies that every periodic curve in K1 is
simple. By (3.1), the periods of the curves γ = (Γ, p) ∈ K1 are uniformly bounded
from above as
p ≤ pmax := (c(L)− e0(L))−1
∫
S2
|dθ|,
The periods of curves γ = (Γ, p) ∈ K1 are also uniformly bounded from below as
p ≥ pmin := `min max
{|v|g ∣∣ (q, v) ∈ E−1(c(L))}−1 > 0,
where `min = `min(c(L)).
Lemma 4.1. The space K1 is compact, non-empty, and it admits an open neighbor-
hood U ⊂ ΛS2 × [pmin/2, 2pmax] such that U ∩ K = K1.
10 G. BENEDETTI AND M. MAZZUCCHELLI
Proof. Since the free-period action functional Sc(L) is continuous, K1 is closed.
Let γi = (Γi, pi) ∈ K1 be an arbitrary sequence of periodic curves. We already
know that pmin ≤ pi ≤ pmax. The corresponding sequence of the initial velocity
vectors (γi(0), γ˙i(0)) is contained into the compact energy hypersurface E
−1(c(L)).
Therefore, up to extracting a subsequence, we see that γi → γ = (Γ, p) ∈ crit(Sc(L)).
Since Sc(L)(γi) = 0 for all i ∈ N, we have that Sc(L)(γ) = 0, and thus γ ∈ K. As
the curves γi are non-iterated, the same is true for the limit curve γ. Therefore, γ
belongs to K1. This shows that K1 is compact.
Since the curves in K1 are simple, Km and Kn are disjoint if m 6= n. In particular,
we can find an open neighborhood U ⊂ ΛS2 × [pmin/2, 2pmax] of K1 whose closure
is disjoint from Km for all m ∈ {1, ..., d2pmax/pmine}. Such neighborhood is also
disjoint from Km for all m > d2pmax/pmine; indeed, any curve γ contained in one
such Km is of the form γ = (Γ, p) with p ≥ mpmin > 2pmax. 
Lemma 4.2. There exist a number  ∈ (0, 1) and an arbitrarily small open neigh-
borhood W ⊆ U of K1 such that inf Se|∂W > inf Se|W for all e ∈ [c(L), c(L) + ).
Proof. Let d be the distance on ΛS2 × (0,∞) induced by its standard Riemannian
metric. For each r > 0, we denote by Wr the open neighborhood of K1 of radius r,
that is
Wr =
{
γ ∈ ΛS2 × (0,∞) ∣∣ d(γ, ζ) < r for some ζ ∈ K1}.
We choose r > 0 small enough so that W3r ⊆ U , and the gradient norm ‖∇Sc(L)‖
is bounded from above on W3r. We set C to be the set of critical points of Sc(L)
contained in the closure of W3r \Wr. Since Se satisfies the Palais-Smale condition
on ΛS2 × [pmin/2, 2pmax], Lemma 4.1 implies that
a := inf Sc(L)|C > 0.
Thus, the closure of {Sc(L) < a/2}∩ (W3r \Wr) does not contain any critical point
of Sc(L) and, again by the Palais-Smale condition, there exists δ > 0 such that
‖∇Sc(L)‖ ≥ δ on {Sc(L) < a/2} ∩ (W3r \Wr).
We set W := W2r, and we claim that inf Sc(L)|∂W > inf Sc(L)|W = 0. Indeed,
assume by contradiction that there exists a sequence {γi | i ∈ N} ⊂ ∂W with
Sc(L)(γi) < 1/i. Fix 0 < b < min{a/2, δr} and i > 1/b. Notice that the curve γi
is contained in the sublevel set {Sc(L) < a/2}. Consider the anti-gradient flow Φs
of the functional Sc(L), that is, the partial flow defined by the ordinary differential
equation
d
dsΦs = −∇Sc(L) ◦ Φs.
Since ‖∇Sc(L)‖ is bounded from above on W3r, every orbit s 7→ Φs(γ) that does
not stay inside W3r for all s > 0 will eventually hit the boundary of W3r. Let
sout ∈ (0,∞] be the largest real number such that
Φs(γi) ∈ W3r \Wr, ∀s ∈ (0, sout).
We must have sout < b/δ
2 <∞, for
0 < Sc(L)(Φsout(γi)) = Sc(L)(γi)−
∫ sout
0
‖∇Sc(L)(Φs(γi))‖2 < b− δ2sout.
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However, since on the time interval [0, sout] the curve s 7→ Φs(γi) crosses a region
of width r, we have the estimate
Sc(L)(Φsout(γi)) = Sc(L)(γi)−
∫ sout
0
‖∇Sc(L)(Φs(γi))‖2ds
< b− δ
∫ sout
0
‖∂sΦs(γi)‖ ds
< b− δr
< 0,
which contradicts the fact that inf Sc(L) = 0. This completes the proof of the lemma
for e = c(L). The general statement follows from this, by observing that
Se(Γ, p) = Sc(L)(Γ, p) + (e− c(L))p. 
Proof of Theorem 1.3. Let  and W be the constant and the neighborhood of K1
given by Lemma 4.2. We require W to be small enough so that, according to
Lemma 2.1, every periodic orbit of the Lagrangian system of L contained in W is
simple. Fix an arbitrary energy value e ∈ (c(L), c(L) + ), and consider the anti-
gradient flow Φs of the free-period action functional Se associated to the standard
Riemannian metric of ΛS2 × (0,∞). We set s := inf Se|W .
We claim that, for each i ∈ N large enough, there exists γi = (Γi, pi) ∈ W∩{Se <
s + i−1} such that ‖∇Se(γi)‖ < i−1/2. Indeed, assume that this does not hold,
which means that there exists i ∈ N large enough such that s + i−1 < inf Se|∂W
and ‖∇Se‖ ≥ i−1/2 on W ∩ {Se < s + i−1}. Choose any γ ∈ W ∩ {Se < s + i−1}.
Lemma 4.2 readily implies that Φs(γ) ∈ W for all s ≥ 0. However, by flowing γ for
time s = 1 we obtain the contradiction
Se(Φ1(γ)) = Se(γ)−
∫ 1
0
‖∇Se(Φs(γ))‖2ds < s+ i−1 − i−1 = s.
Since pi ∈ [pmin/2, 2pmax], and since Se satisfies the Palais-Smale condition on
ΛS2 × [pmin/2, 2pmax], γi converges to a global minimizer γ of Se|W . 
Proof of Theorem 1.6. Consider an arbitrary energy level e ∈ (c(L), c∞(L)). Up
to modifying the Lagrangian L away from the sublevel set E−1(−∞, e + 1], we
can assume that L is quadratic at infinity, and in particular its free-period action
functional Se is well behaved (see Section 2.3).
Since we are looking for infinitely many periodic orbits with energy e, we can
assume that the set of critical points crit(Se) is a collection of isolated critical
circles. Notice that Se(γ) > 0, since e > c(L). For each m ∈ N, we introduce the
space of paths
Pm :=
{
P : [0, 1]
C0−→ΛS2 × (0,∞) ∣∣ P (0) ∈ γ, P (1) ∈ γm},
and the minimax value
sm := inf
P∈Pm
max
s∈[0,1]
Se(P (s)).
Since we are working in the 2-sphere, every iterate of γ is still a local minimizer of
Se, see [AMP15, Lemma 4.1]. Therefore
sm > Se(γm) > 0.
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As e > c(L), the free-period action functional Se satisfies the Palais-Smale condition
at every non-zero level on the whole ΛS2 × (0,∞), see [Abb13, Lemmas 5.1–5.4].
Therefore, sm is a critical value of the free-period action functional Se. Actually,
a standard deformation argument from critical point theory allows us to find, for
each arbitrarily small neighborhood W ⊂ ΛS2 × (0,∞) of the set of critical points
crit(Se) ∩ S−1e (sm), a path P ∈ Pm such that
P ([0, 1]) ⊂ {Se < sm} ∪W. (4.1)
Assume now by contradiction that the Lagrangian system of L admits only
finitely many non-iterated periodic orbits γ1, ..., γk with energy e. In particular,
every such periodic orbit γi lies on an isolated critical circle Ci of Se. Let us re-
call the non-mountain pass Theorem for high iterates, which was originally proved
in [AMMP17, Theorem 2.6] for magnetic Lagrangians, and extended in [AM16,
Lemma 4.3 and proof of Theorem 1.2] to the case of general Tonelli Lagrangians:
there exist constants mi ∈ N and, for all m ≥ mi, arbitrarily small open neighbor-
hoods Wi,m of ψm(Ci) such that the inclusion induces an injective map between
path-connected components
pi0({Se < Se(γmi )}) ↪→ pi0({Se < Se(γmi )} ∪Wi,m). (4.2)
Consider a large enough m ∈ N such that sm ≥ max
{Se(γmi ) ∣∣ i = 1, ..., k}. The
set of critical points crit(Se)∩ S−1e (se) is comprised of finitely many critical circles
crit(Se) ∩ S−1e (se) = ψm1(Ci1) ∪ ... ∪ ψmk(Cik),
where mj ≥ mij for all j = 1, ..., k. We choose the neighborhoods Wij ,mj of Cij
small enough so that they are pairwise disjoint. We set
W :=Wi1,m1 ∪ ... ∪Wik,mk ,
and we choose a path P ∈ Pm satisfying (4.1). By (4.2), we can modify P in order
to obtain a new path Q ∈ Pm such that Q([0, 1]) ⊂ {Se < se}. This contradicts
the definition of the minimax value sm. 
5. A sufficient condition for the inequality e0(L) < cu(L)
Let M be a closed manifold, and L : TM → R a Tonelli Lagrangian with energy
function E : TM → R, E(q, v) = ∂vL(q, v)v − L(q, v). As before, we define
e0(L) = max
q∈M
E(q, 0)
and, for any e ∈ R, the free-period action functional
Se : ΛM × (0,∞)→ R, Se(γ) =
∫ p
0
[
L(γ(t), γ˙(t)) + e
]
dt.
We consider the Man˜e´ critical value of the lift of L to the tangent bundle of the
universal cover of M , which is usually denoted by cu(L). Analogously, cu(L) is the
minimal energy value e ∈ R such that Se(γ) is non-negative for all contractible
periodic curves γ = (Γ, p) ∈ ΛM × (0,∞). Since Se0(L) vanishes at the constant
curves contained in {q ∈ M | E(q, 0) = e0(L)}, we have that e0(L) ≤ cu(L). We
now give a criterion for the strict inequality e0(L) < cu(L).
For all q ∈M , let us define
V (q) = −L(q, 0), θq(v) = ∂vL(q, 0)v, gq(v, v) = ∂2vvL(q, 0)[v, v],
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where V is a function, θ a one-form, and g a symmetric bilinear form on M . Since
L is a Tonelli Lagrangian, g is actually a Riemannian metric on M . Notice that
e0(L) = max
(−L(·, 0)) = maxV.
We define the function
λ : V −1(e0(L))→ R, λ(q) = 2|d2V (q)|1/2 − |dθq|, (5.1)
where | · | is the norm induced by g, and d2V (q) is the Hessian of V at q. The
Hessian is well defined, for V −1(e0(L)) ⊂ crit(V ).
Proposition 5.1. If the function λ is somewhere negative, then e0(L) < cu(L).
Proof. Assume that there exists a point q ∈ V −1(e0(L)) such that λ(q) < 0, and
fix two normal tangent vectors u, v ∈ TqM such that |u| = |v| = 1 and
dθq(u, v) = |dθq|. (5.2)
We denote by D ⊂ R2 the Euclidean unit disc centered at the origin 0, and consider
an embedding ι : D ↪→ M such that ι(0) = q and dι(0)(T0D) = span{u, v}. We
pull-back L to a Tonelli Lagrangian L′ := L ◦ dι : TD → R with associated free-
period action functionals S ′e, and we set
g′ := ι∗g, θ′ := ι∗θ, V ′ := V ◦ ι.
The analog of the function λ for the pulled-back Lagrangian L′ is
λ′ : (V ′)−1(e0(L))→ R, λ′(x) := 2|d2V ′(x)|1/2 − |dθ′x|,
where now | · | denotes the norm associated to the pulled-back metric ι∗g. Notice
that |d2V ′(0)| ≤ |d2V (q)| and, by (5.2), |dθ′0| = |dθq|. Therefore,
λ′(0) ≤ λ(q) < 0.
Let µ be the Riemannian volume form associated to g′ with respect to some orien-
tation on D, and f : D → R the function defined by dθ′ = fµ, so that |dθ′| = |f |.
We fix the orientation on D so that f(0) ≤ 0. We set b := |d2V ′(0)|, and we fix
a > 0 small enough such that
2
√
a+ b+ f(0) < 0. (5.3)
For all r > 0 smaller than the injectivity radius of g′ at 0, we set
er := e0(L) +
a
2 r
2,
and we denote by γr the boundary of the Riemannian ball Br(0) of g
′ centered at
0 of radius r. We parametrize γr counterclockwise with constant speed |γ˙r(t)| ≡ sr
and period τr given by
τr :=
`r
r
√
a+ b
, sr := r
√
a+ b,
where `r is the length of γr. Since `r = 2pir + o(r), we have
τr =
2pi√
a+ b
+ o(1).
Using that e0(L) = maxV
′ = V ′(0), we can estimate
L′(x, u) ≤ −e0(L) + θ′x(u) + 12 |u|2 + 12bdist(0, x)2 + o(|x|2) + o(|u|2).
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Therefore
L′(γr, γ˙r) + er =
1
2
s2r + θ
′
γr (γ˙r) + er − e0 +
b
2
r2 + o(r2)
=
a+ b
2
r2 + θ′γr (γ˙r) +
a+ b
2
r2 + o(r2)
= (a+ b)r2 + θ′γr (γ˙r) + o(r
2).
Moreover ∫ τr
0
θ′γr(t)(γ˙r(t))dt =
∫
Br(0)
dθ′ =
∫
Br(0)
fµ = f(0)pir2 + o(r2).
Putting together the last two equations, we obtain the estimate
S ′er (γr) = τr(a+ b)r2 + o(r2) + f(0)pir2 + o(r2)
=
(
2
√
a+ b+ f(0)
)
pir2 + o(r2).
This, together with (5.3), shows that S ′er (γr) is negative for r > 0 small enough.
Therefore, we constructed a periodic curve ι ◦ γr that is contractible and satisfies
Ser (ι ◦ γr) = S ′er (γr) < 0, which implies that e0(L) < er < cu(L). 
6. Criticality of the Katok metric
In his 1973 seminal paper [Kat73], Katok constructed a non-reversible Finsler
metric on every n-sphere with only finitely many closed geodesics. Another descrip-
tion of this Finsler metric, which shows that it is of Randers type, was provided
a decade later by Ziller [Zil83]. For the 2-sphere, Ziller’s construction goes as fol-
lows. Let g0 = 〈·, ·〉 be the round metric on S2, that is, the metric induced by the
embedding of S2 as the unit sphere of the Euclidean space R3 with its Euclidean
Riemannian metric. We denote by ψt : S2 → S2 the counterclockwise rigid rotation
of angle t around the axis passing through the north and south poles of S2, i.e.
ψt(x, y, z) = (cos(t)x− sin(t)y, sin(t)x+ cos(t)y, z).
Let W = −y∂x +x∂y be the Killing vector field on (S2, g) generating this rotation,
that is, satisfying ddtψ
t = W ◦ ψt. We will write | · | for the Riemannian norm
induced by g0 on tangent and cotangent vectors on S
2. We have
|W (x, y, z)| =
√
1− z2 ≤ 1, ∀(x, y, z) ∈ S2.
For α ∈ (0, 1), we consider the Randers metric on cotangent vectors
F ∗ : T∗S2 → [0,∞), F ∗(q, p) = |p|+ αp(W (q)).
The Katok metric on S2 with parameter α is the dual Finsler metric
F : TS2 → [0,∞), F (q, v) = max
F∗(q,p)=1
p v.
Since F ∗ is of Randers type, the same is true for F . Namely, F has the form
F (q, v) = gq(v, v)
1/2 + θq(v) (6.1)
for some Riemannian metric g = gα and 1-form θ = θα on S
2. The Randers
metric F admits two distinguished closed geodesics: the ones running clockwise
and counterclockwise around the equator. If α is irrational, F has no other closed
geodesics. Nevertheless, we have the following theorem.
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Theorem 6.1. The Katok metric F (q, v) = gq(v, v)
1/2 + θq(v) with parameter α ∈
(0, 1) is critical (in the sense of Definition 1.9), with
r(g, θ) = α, r∞(g, θ) ∈
[
2α
α2+1 , 1
]
.
In particular, for each r ∈ (α, 2αα2+1), the Finsler metric
Fr(q, v) = r gq(v, v)
1/2 + θq(v)
possesses a waist and infinitely many closed geodesics.
The criticality of Katok’s metric is a consequence of the following general result.
Lemma 6.2. Let F (q, v) = gq(v, v)
1/2 + θq(v) be a Randers metric on S
2 such that
θ is not exact. Let Z be the vector field on S2 defined by g(Z, ·) = θ, and
N =
{
q ∈ S2 ∣∣ |θq| = ‖θ‖∞},
where |·| is the norm induced by g, and ‖·‖∞ the associated∞-norm. If N contains
a periodic orbit of the flow of Z, then F is critical.
Proof. Consider the magnetic Lagrangian associated to the Randers metric F
L : TS2 → R, L(q, v) = 12 |v|2 + θq(v).
We already know that r(g, θ) =
√
2c(L) ≤ ‖θ‖∞. Therefore, all we have to show is
that c(L) ≥ 12‖θ‖2∞. Notice that
L(q, v) + 12‖θ‖2∞ = 12
(|v + Z(q)|2 + ‖θ‖2∞ − |θq|2).
In particular
L(q, v) + 12‖θ‖2∞ = 12 |v + Z(q)|2, ∀q ∈ N, v ∈ TqS2. (6.2)
Let ζ : R/pZ → N be a periodic orbit of the flow of Z, and consider the flipped
curve γ : R/pZ → N , γ(t) = ζ(−t), which satisfies γ˙(t) = −Z(γ(t)). By (6.2), we
have
S‖θ‖2∞/2(γ) =
∫ p
0
1
2 |γ˙(t) + Z(γ(t))|2dt = 0,
which implies the desired inequality ‖θ‖2∞/2 ≥ c(L). 
Remark 6.3. The hypotheses of Lemma 6.2 are satisfied, for instance, if the pair
(g, θ) is rotationally symmetric, namely if there exist spherical coordinates (φ, τ) ∈
[0, pi]×R/2piZ on S2 such that
g = a(φ)2dφ2 + b(φ)2dτ2, θ = c(φ)dτ
for some functions a, b, c : [0, pi]→ R with c not identically zero. 
Proof of Theorem 6.1. If F ∗ : T∗M → [0,∞), F ∗(q, p) = |p| + αp(W (q)) is a
cotangent Randers metric on an arbitrary manifold M , then the the dual metric
F : TM → [0,∞) is defined by the equation∣∣F (q, v)−1v − αW (q)∣∣2 = 1.
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Therefore, F has the form F (q, v) = g(v, v)1/2+θq(v), where the Riemannian metric
g and the 1-form θ on M are given by
gq(v, v)
1/2 =
√|v|2(1− α2|W (q)|2)− α2〈v,W (q)〉2
1− α2|W (q)|2 ,
θq(v) = − α〈v,W (q)〉
1− α2|W (q)|2 ,
see also [Ben16, Eq. (3.13)]. Now, if M = S2 and F is the Katok metric with
parameter α, for each q = (x, y, z) ∈ S2 and v = vx∂x + vy∂y + vz∂z ∈ TqS2, we
have
gq(v, v)
1/2 =
√|v|2(1− α2(1− z2))− α2(xvy − yvx)2
1− α2(1− z2) ,
θq(v) = − α (xvy − yvx)
1− α2(1− z2)
It is convenient to rewrite these expressions in spherical coordinates on S2. We
denote by φ ∈ [0, pi] and τ ∈ R/2piZ the polar angle and the azimuthal angle
respectively, as in Figure 1. For each q = (φ, τ) ∈ [0, pi]×R/2piZ and v = (vφ, vτ ) ∈
R2, we have
gq(v, v) =
1
1− α2 sin2 φv
2
φ +
( sinφ
1− α2 sin2 φ
)2
v2τ ,
θq(v) = − α sin
2 φ
1− α2 sin2 φvτ .
In order to simplify the notation, we will denote by | · | the norm on tangent and
cotangent vectors induced by g, and by ‖ · ‖∞ the associated L∞ norm on 1-forms.
With this notation, we have
|θ(φ,τ)| = α sinφ,
‖θ‖∞ = α.
Therefore
N :=
{
(φ, τ) ∈ [0, pi]×R/2piZ ∣∣ |θq| = ‖θ‖∞} = {pi/2} ×R/2piZ,
that is, the subset N from Lemma 6.2 is the equator oS2. The dual vector field
of θ with respect to g is given by Z = −α(1 − α2 sin2 φ)∂τ . In particular, N is a
periodic orbit of Z. Lemma 6.2 implies that the Katok metric F is critical, and
therefore
r(g, θ) = ‖θ‖∞ = α.
The curve that winds counterclockwise around the equator of S2 is given in
spherical coordinates by
γ0 : R/Z→ N ⊂ [0, pi]×R/2piZ, γ0(t) = (pi/2, 2pit).
PERIODIC ORBITS JUST ABOVE THE MAN˜E´ CRITICAL VALUE ON S2 17
τ
φ q
x
y
z
Figure 1. Spherical coordinates on S2.
We claim that γ0 is a waist of the Finsler metric Fr, for each r ∈
(
α, 2αα2+1
)
. Indeed,
the length functional associated to Fr can be written in spherical coordinates as
Lr : C∞(R/Z, [0, pi]×R/2piZ)→ R,
Lr(γ) =
∫ 1
0
[
r
(
(φ˙)2
1− α2 sin2 φ +
( τ˙ sinφ
1− α2 sin2 φ
)2)1/2
− α sin
2 φ
1− α2 sin2 φτ˙
]
dt,
where we have written γ = (φ, τ). If γ is sufficiently C1-close to γ0, then τ˙(t) > 0
for all t ∈ R/Z, and we can estimate
Lr(γ) ≥
∫ 1
0
r sinφ(t)− α sin2 φ(t)
1− α2 sin2 φ(t)︸ ︷︷ ︸
=:fr,α(φ(t))
τ˙(t) dt.
The function fr,α : [0, pi]→ R has a local minimum at pi/2 if and only if r < 2αα2+1 .
Therefore, for each r ∈ (α, 2αα2+1), we can further estimate
Lr(γ) ≥ fr,α(pi/2)
∫ 1
0
τ˙(t)dt =
r − α
1− α2 2pi = Lr(γ0).
This shows that γ0 is a waist of Lr, which implies that r∞(g, θ) ≥ 2αα2+1 . This,
together with Theorem 1.8, implies the existence of infinitely many closed geodesics
with respect to the Randers metric Fr, for each r ∈
(
α, 2αα2+1
)
. 
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